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Abstract. We show that there exist two proper creature forcings having a 
simple (Borel) definition, whose product is not proper. We also give a new 
condition ensuring properness of some forcings with norms. 



1. Introduction 

In Roslanowski and Shelah [2] a theory of forcings built with the use of norms 
was developed and a number of conditions to ensure the properness of the resulting 
forcings was given. However it is not clear how sharp those results really are and 
this problem was posed in Shelah [H Question 4.1]. In particular, he asked about 
the properness of the forcing notion 

Q — {{wn : n < Lo) : w„ C 2", w„ ^ and lini \wn\ = oo} 

n — >u 

ordered by w < w' <^ (Vn £ ^ In the second section we give a general 

criterion for collapsing the continuum to Hq and then in Corollary 12.81 we apply it 
to the forcing Q, just showing that it is not proper. 

That the property of properness is not productive, i.e. is not preserved under 
taking products, has been observed by Shelah long ago (see [3l XVII, 2.12]). How- 
ever, his examples are somewhat artificial and certainly it would be desirable to 
know of some rich enough subclass of proper forcings that is productively closed. 
It was a natural conjecture put forth by Zapletal, that the class of definable, say 
analytic or Borel, proper forcings would have this property. Actually, it was only 
proved recently by Spinas [5] that finite powers of the Miller rational perfect set 
forcing and finite powers of the Laver forcing notion are proper. These are two of 
the most frequently used forcings in the set theory of the reals. However, in this 
paper we shall show that this phenomenon does not extend to all forcing notions 
defined in the setting of norms on possibilities. In the fourth section of the paper 
we give an example of a forcing notion with norms which, by the theory developed 
in the second section, is not proper and yet it can be decomposed as a product of 
two proper forcing notions of a very similar type, and both of which have a Borel 
definition. The properness of the factors is a consequence of a quite general theo- 
rem presented in the third section (Theorem 13. 3p . It occurs that a strong version 
of halving from ^ Section 2.2] implies the properness of forcing notions of the type 
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Notation Most of our notation is standard and compatible with that of classi- 
cal textbooks on Set Theory (like Bartoszyhski and Judah [1]). However in forcing 
we keep the convention that a stronger condition is the larger one. 

In this paper H will stand for a function with domain w and such that (Vm e 
w)(2 < |H(m)| < ijj). We also assume that G H(m) (for all to e w); if it is not the 
case then we fix an element of H(to) and we use it whenever appropriate notions 
refer to 0. 

Creature background: Since our results are stated for creating pairs with 
several special properties, below we present a somewhat restricted context of the 
creature forcing, introducing good creating pairs. 

Definition 1.1. (1) A creature for H is a triple 

t — (nor, val, dis) = (nor[t], val[t], dis[i]) 

such that nor G M-*^, dis G 7i(cji), and for some integers m\.^ < m\^^ < lo 

7^ val C {(it,?;) G Jl H(i) X W li{i):u<v}. 

The family of all creatures for H is denoted by CR[H]. 

(2) Let K C CR[H] and S : iiT — > V{K). We say that {K, S) is a good creating 
pair for H whenever the following conditions are satisfied for each t (z K. 

(a) [Fullness] dom(val[i]) = J] H(i). 

(b) t G S(i) and if s G S(i), then to^^^ — to^^^ and TO^p = mjjp. 

(c) [Transitivity] If s G S(i), then Y.{s) C E(t). 

(3) A good creating pair {K, S) is 

• local if toJjp — TO^jj + 1 for alH G 

• forgetful if for every t E K, v G Y[ H(i), and u £ Y[ H(z) we 
have 

{v\m*dn, v) G val[i] ^ (m, u^v\[m*^^, TO*p)) G val[t], 

• strongly finitary if for each i < lo we have 

|H(i)| < and [{t e K : to^jj^ = i}[ < uj. 

(4) If to, . . . , t„ G -fC are such that mllp = to^'+^ (for i < n) and w G Yi H(i), 

then we let 

pos(w,to, . . . ,t„) {I'e n < & (V« < "■)((« r"i*[;^,wfnT-up) e val[ii])}. 

If iiT is forgetful and t E K, then we also define 

pos(i) = {i;f[TO*i„,TOj,p) : {v\m*^^,v) G val[t]}. 

Note that if K is forgetful, then to describe a creature in K it is enough to give 
pos(t), nor[i] and dis[i]. This is how our examples will be presented (as they all 
will be forgetful). Also, if K is additionally local, then we may write pos(i) = A 
for some A C H(tojjj) with a natural interpretation of this abuse of notation. 
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Definition 1.2. Let {K,I]) be a good creating pair for H. We define a forcing 

notion Q;^(A', S) as follows. 

A condition in Ql^{K, E) is a sequence p = {wP,tQ, t\, t^, ■ ■ ■) such that 

(a) d K and mup — fn^^^ (for i < cu), and 

(b) w e n and lim nor[t?^] = oo. 

n — ^CJO 

The relation < on Q^(i4r, S) is given by: P < q if and only if 

for some i < uj we have w'' G pos{wP, tp, . . . , if„]^) (if i = this means w"^ — w^) 

and t« e S(t^_^J for aU n < 

For a condition p e Q*o^{K, E) we let i{p) = Ih(wP). 

2. Collapsing creatures 

We will show here that very natural forcing notions of type Ql^{K, E) (for a big 
local and finitary creating pair {K, E)) collapse c to Hp, in particular answering [U 
Question 4.1]. The main ingredient of the proof is similar to the "negative theory" 
presented in |2, Section 1.4], and Definition 12.11 below should be compared with 
Definition 1.4.4] (but the two properties are somewhat incomparable). 

Definition 2.1. Let h : K-° — > be a non-decreasing unbounded function and 
let {K, E) be a good creating pair for H. We say that {K, E) is sufficiently h-bad if 
there are sequences m (m^ : i < uj), A — {Ai : i < lu) and F = {Fi : i < uj) such 
that 

(a) m is a strictly increasing sequence of integers, mg — 0, and 

(yt e K){3i < w)(to^„ = nii k rn^p = m^+i), 

(/3) Ai are finite non-empty sets, 

(7) F, = (^;0, : A, X n H(m) ^ x 2, 

((5) if i < ix), t G i^T, rn^jjj — rrii and nor[t] > 4, then there is a G such that 
for every x G Ai^i x 2, for some G E(i) we have 
nor[sa;] > min{/i(nor[t]), /i(i)} and 
(Vit G n H(to))(Vu G pos(u,s^))(^;(a,u) = x). 

m<mi 

Proposition 2.2. Suppose that h : R-*^ — > is a non- decreasing unbounded 
function, and (K, E) is a strongly finitary good creating pair for H. Assume also 
that (K, E) is sufficiently h-bad. Then the forcing notion Q^{K, E) collapses c onto 
No. 

Proof. The proof is similar to that of [2, Proposition 1.4.5], but for reader's conve- 
nience we present it fully. 

Let m, A and F witness that {K, E) is sufficiently h-had. For i < uj and a ^ Ai 
we define Ql^{K, E)-names pi^a (for a real in 2*^) and ?7i_a (for an element of Yl ^j) 

as follows: 

II^Q^(K,E) " Vi.aii) = a and ??i,a(j) = F^-iiViAj - 1)^ W^t^j) for j > i '\ 

and 

l'"QS„(K,s) " Pi.al'i = and Pi,a{j) = i^/(??i,a(j)> W^t'^j+i) for j > i ". 
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Above, W is the canonical name for the generic function in Yl H(i), i.e., p IKq* (if.s) 
wP <W e n H(i) " . We are going to show that 

I^Q^(K.s) " (Vr e 2^^ n V)(3z < uj){3a e A,)(Vj > = r{j)) ". 

To this end suppose that p G Ql^{K, E) and r G 2*^. Passing to a stronger condition 
if needed, we may assume that (Vj < w)(nor[i^] > 4). Let i < a; be such that 

lh(i/;P) = m^; then also m^^ = rrii^j for j < to (remember 12 . 1 r a) 1 . 

Fix k < u! for a moment. By downward induction on j < k choose Sj £ ^(^j) 
and Uj G Ai+j such that 

(a) nor[s*'] > min{/i(nor[t^]), + j)} for all j < k, 

(b) (Vwe n H(m))(v«epos(u,4;))(^;VfcK,«) = '^(* + fc)), 

(c) for j < k: 

(Vu e n HM)(Vt' 6 pos(w,s^^))(i^V,(4'«) = ^i'+j) ^ = 

(Plainly it is possible bv l2.ir ^V) 

Since for each j < lu both 5](tp and A^+j are finite, we may use Konig Lemma 
to pick an increasing sequence k — {k{£) : £ < lu) such that 

ye+i) k(e') , k(e+i) mi') 
ttj = aj and s^- — s^- 

for ^ < f < w and j < k{e). Put vji = wP and = s^^^^^^^ 6j = 0*^^^'+^^ for j < uj. 
Easily, q = {w'^ ,1^,11,1^, . . .) is a condition in Q'^{K, E) stronger than p. Also, by 
clause (c) of the choice of Sj, we clearly have 

(Vj < u;)(V« G posK,t^, . . .,t''^)){F^+^{b„v) = & Fl+^{b„v) = r{i + j)). 

Hence 

<? l^'Q^(/f,s) " (Vj < uj){'i)i^bo{-i+j) = bj k Pt,bo{i+ i) = r{i+ j)) ", 
finishing the proof. □ 

Lemma 2.3. Suppose that positive integers N, M, d satisfy N ■ 2^^ < d. Let A, B 
he finite sets such that \A\ > 2^^ and \B\ < N. Then there is a mapping F : 
A X '^M — > B with the property that: 

(®) if 2 < £ < M, {ci : i < d) G Jl W]^ , ihen there is a G A such that for 

i<d 

every h G B, for some c\ £ [ci] L^Z-^J (for i < d) we have 
{Vuel[c^){Fia,u)^b). 

i<d 

Proof. Plainly we may assume that \A\ = 2^^ and \B\ — N, and then we may 
pretend that A^^h and B = N. 

For he A = ^^2 and u e '^M we let F{h, u) < N he such that 

F{h, u) = ^ h{u{i)) mod N. 
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This defines the function F : A x "'M — > B = N, and we are going to show 
that it has the property stated in (®). To this end suppose that 2 < £ < M and 
{ci : i < d) ^ Y[ [M]^. For each i < d we may choose hi A so that 

i<d 

m)-^m]nc,\ > [e/2\ and \{h,)-^[{i}]nc,\ > l£/2\ 

Then, for some h ^ A and / C d we have |/| > d/2'^^ and hi — h ior i £ I. For 

i e d\I we may pick c* e [ci] L^/^J and ji < 2 such that h fc* = ji . 
Now, suppose b G B. Take a set J C I such that 

I J| + ^ = 6 mod TV 

ie<i\/ 

(possible as |/| > d/2^^ > N). By our choices, we may pick e (for 
i € I) such that 

if i e J, then /ifc^ = 1, 
if i e / \ J, then h\c''^ = 0. 

For i G d \ / wc let = c* (selected earlier) . It should be clear that then 

{Wuel[c';){F{h,u)^b), 

i<d 

as needed. □ 

Example 2.4. Let rli = {rrii : i < cj) be an increasing sequence of integers such 
Too = and TOi+i - > 4*+^. Let h{i) = [i/2\ for i <uj. 

For j < w we let Hj^(j) = i + 2, where i is such that rrii < j < rrii+i. Let 
consist of all (forgetful) creatures t e CR[H°yj] such that 

• dis[t] = {i\ (Zj : to,* <j< m,t+i)) for some i* < lu and 7^ C B.%{j) 

(for TOi* < j < TO^t + i), 

• nor[t] = min{|Z*| : to^* < j < TO^t+i}, 

. pos(t) = n ^j- 

Finally, for t e K'^-^ we let 

I]?^(i) - {s e Kl : = & (Vj G [to,*,to,*+i))(^; ^ ^j)}- 

Then (if^,I]J^) is a strongly finitary and sufficiently ft,-bad good creating pair for 
VL%- Consequently, the forcing notion Ql^{K^j^,T,%^) collapses c onto Hp. 

Proof. It should be clear that (K^, S^) is a strongly finitary good creating pair for 
H^^, . To show that it is sufficiently h-had let = * + ^2, B, = A,+i x 2 = * + ^2 x 2 
and Mi = i+2. Since |i?i|-2*^' = 2*+"*+*+^ < nii+i—mi =^ d^, we may apply Lemma 
Ofor A = Ai, S = Si, M = Mi and d = di to get functions Fi : Ai x '^^Mi — > Bi 
with the property (®) (for those parameters). For a € Ai and v G Yl '^fhU) 

j<mi + i 

we interpret Fi{a, v) as Fi{a, u) where u G (i + 1) is given by u{j) = v{mi + j) for 
j < di. It is straightforward to show that fh, A= {Ai : i < uj) and F ^ {Fi : i < oj) 
witness that (i^T^,!!^) is /i-bad. □ 
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The above example (together with Proposition [221) easily gives the answer to [4j 
Question 4.1]. To show how our problem reduces to this example, let us recall the 
following. 

Definition 2.5 (See (2l Definition 4.2.1]). Suppose < m < a; and for i < m we 
have ti £ CR[H] such that mj/p < mj^^\ Then we define the sum of the creatures 
ti as a creature t — S^"'"(ti : i < m) such that (if well defined then): 

(a) mfi„ = mX, = mup"', 

(b) val[i] is the set of all pairs {hi, /i2) such that: 

\h{hi) = m*i„, lh(ft,2) = ^^up; hi < /12, 

and {h2\m*^^,h2\m^^p) e val[ti] for i < m, 

and ft,2 f[wj,'p, rn^^^) is identically zero for i < m — 1, 

(c) nor[i] = min{nor[ti] : i < m}, 

(d) dis[i] ^ {ti : i < m) . 

If for all i < m — 1 we have m^^ = rn^^^^ , then we call the sum tight. 

Definition 2.6. Let {K, E) be a local good creating pair for H, and let m = 

{nii : i < Lu) he a strictly increasing sequence with toq = 0. We define an ffi- 
summarization (if™, S™, H™) of {K, S, H) as follows: 

. H'-"(z) - n H(m), 

7n—7ni 

• i^^*^ consists of all tight sums S^™(i^ : rrii < £ < m^+i) such that z < u;, 
te e if, m^'„ = £, 

• if < = E""™(t£ : m, < ^ < Wi+i) £ if", then i;"(i) consists of aU creatures 
s £ such that s = E™"'(s£ : m,^ < I < irii+i) for some si £ T,{te) (for 
£ = ?7ii, . . . ,mj+i - 1). 

Proposition 2.7. Assume that {K, E) is a local good creating pair for H, m = 
{nii : i < uj) is a strictly increasing sequence with mg = 0. Then: 

(1) (if™, E™) is a (7oo(i creating pair for H™; 

(2) i/ie forcing notion Qi^(if'",S™) can 6e embedded as a dense subset of the 
forcing notion Qi^(if, S) (so the two forcing notions are equivalent). 

Corollary 2.8. Let H : uj — > uj be increasing, H(0) > 2, and let g : M. — > M. be an 
unbounded non- decreasing function. We define (if^,E^) as follows: consists 
of all creatures t £ CR[H] such that 

• dis[t] = (i*, y4*) for some i^ < uj and 7^ A* C H(i*), 

• nor[i] = 5(1^1*1), m^j^ — i*, mjjp = i* + 1 and pos(t) = A*. 

For t £ Kf we let 

Ef (i) = {s £Kf -.i' ^i'' k A' (Z A'}. 

Then (Kf,^f) is a local strongly finitary good creating pair for H. The forcing 
notion Ql^{K^ collapses c onto Kq. In particular, the forcing notionQ defined 

in the Introduction is not proper. 

Proof. Let p £ Q^(if E?-). Plainly, lim — 00, so we may find a condition 
q > p and an increasing sequence m = (mj : i < uj) such that 

• Too = 0, TOi = lh{w'^), TOi+i ~ rrii > 4'+'^, 
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• if < "T-dn ^ then | = i + 2. 

Now we define a condition q* in Q;^((/s:H)™, (S^)") by 

w"' =w'', tf = S"™(i« : m^+i < fc + mo < m,+2) (for i < w). 

The forcing notion Ql^(K^, E^) above the condition q is equivalent to the forcing 
notion Q^((is:H)m above q*. Plainly, Q^((ii:«)™, (S^)™) above 9* is 

isomorphic to Ql^(K';^,T,'^) of Example 12.41 above the minimal condition r with 
= w'^ . The assertion follows now by the last sentence of 12.41 □ 

Remark 2.9. (1) If, e.g., g{x) — log2(x) then the creating pair {K^, E^) is big 
(see O Definition 2.2.1]), and we may even get "a lot of bigness" . Thus the 
bigness itself is not enough to guarantee properness of the resulting forcing 
notion. 

(2) Forcing notions of the form (Q)J^(i^, E) are special cases of Q*j:{K,Y,) (see 
[21 Definition 1.1.10 and Section 2.2]). However if the function / is growing 
very fast (much faster than H) then our method do no apply. Let us recall 
that if (K, S) is simple, finitary, big and has the Halving Property, and 
f : u X Lo — y uj is H-fast (see 2, Definition 1.1.12]), then Q*f{K,T,) is 
proper. Thus one may wonder if we may omit halving - can the forcing 
notion (Q)j(_ft'^, S^) be proper for H and / suitably "fast"? 



3. Properness from Halving 

It was shown in [21 Theorem 2.2.11] that halving and bigness (see Definitions 
2.2.1, 2.2.7]) imply properness of the forcings Qf{K, E) (for fast /). It occurs that if 
we have a stronger version of halving, then we may get the properness of Qi^(i^, E) 
even without any bigness assumptions. 

Definition 3.1. Let {K, E) be a forgetful good creating pair 

(1) Let t ^ K and e > 0. We say that a creature t* G E(i) is an e-half of t if 
the following hold: 

(i) nor[t*] > nor[t] — e, and 

(ii) if s G E(<*) and nor[s] > 1, then we can find to G E(i) such that 

nor[<o] > nor[i] — e and pos(io) ^ pos(s). 

(2) Let e = {si : i < Lu) he a. sequence of positive real numbers and in = {rrii : 
i < Lu) he a strictly increasing sequence of integers with mo = 0. We say 
that the pair {K, E) has the (e, m)-halving property if for every t G K with 
n^i < m[jjj and nor[t] > 2 there exists an £,;-half of t in E(f;). 

Definition 3.2. Let {K, E) be a good creating pair. Suppose that p G Ql^{K, S) 
and / C Q'^{K, E) is open dense. We say that p essentially belongs to I, written 
p £* /, if there exists < w such that for every v G pos(wP, ig, . . . , we have 
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Theorem 3.3. Let e — {si : i < uj) be a decreasing sequence of positive numbers 
and fh — {mi : i < uj) be a strictly increasing sequence of integers with mo = 0. 
Assume that for each i < lu 

Y[ H(n)| < 1/e,. 

Let (K, S) be a good creating pair for H and suppose that {K, E) is local, forgetful 
and has the (e, m)~halving property. Then the forcing notion Qt^{K, S) is proper. 

Proof. The proof will be carried out in a series of claims. 

Claim 3.3.1. Let a >2 and I C Q|^(i4r, E) be open dense. Furthermore suppose 
that p G (!3^(i4r, S) and i < lu is such that nor[t^] > a for every n > mi — i{p). 
Finally let v d Y[ H(n). Then there exists q G Q^{K, E) such that 

(a) p < q, = w'^ and t^^ = for every n < mi — i{p); 

(b) nor[t^] > a — Ei for every n > mi — i{p); 

(c) either, letting q^''^ = C-»(p)' C.-^(p)+i' C,-»(p)+2' • • e* I or else 
there is no r > such that r d I , = v and nor[tJ^] > 1 for every n. 

Proof of the Claim. We know that (if, E) has the (e, ?fi)~halving property and 
therefore for each n > mi — i{p) we may choose an e—half £ E(<J^) of t^^. 
For n < mi — i{p) put f^" = tf^ and let w'^° — w^. This defines a condition 
qa = . . .) G Q*^iK, E). Plainly, (a) and (b) hold for qo instead of 

q. Now if there is no r > q]^^ with r £ I, — v and nor[tJ^] > 1 for every n < oj, 
we can let q = q^. Hence we may assume that such r — {w^ , t^, t\, t^, ■ ■ .) does exist. 

Pick j < OJ large enough such that nor[tJ'J > a — Si for every n > j. Now we 
define gGQ^ (if, E): 

m w"^ — w^, — t^^ for n < mi - i{p), 

• 11=1"^ , V ^ for n > mi — i(p) + 7, 

• for mi ~ i{p) < n < mi — i{p) + j let G E(tP ) be such that 
nor [4] > nor[i^] - e^ > a - e^ and pos(t^) C pos(t;_„^+,(p)) 
(exists by the halving property). 

Clearly p < q and (a), (b) hold. Also, for every u G pos(w, t^^^^^^ , . . ■ ,C.-i(p)+j) 
we have g'"' > r, and hence ql"! £ I, as I is open. Consequently, q^^^ G* i. □ 

Claim 3.3.2. Let a > 3 and i C (Q^(ii', E) be open dense. Suppose that p G 
Q*^{K, E) and i < lo is such that nor[t^] > a for every n > mi — i{p). Then there 
exists q G Qt^{K, E) such that 

(a) p < q, wP = w'^ , and — for n < mi — i{p); 

(b) nor[t^] > a — 1 for every n > mi — i(jp); 

(c) for every u G Y\ H(n), either ql"! G* L, or else there is no r £ I such 
that r > q, — V and nor[tJ^] > 1 for all n. 

Proof of the Claim. Let {vi : I < k) enumerate Y\ H(n), thus k < l/si. Applying 

Claim 13.3.11 k times, it is straightforward to construct a sequence {qi '■ I < k) <Z 
Q*^{K,T,) such that 

• qo ^ P, qi < qi+i, W^' = w^, and = tP for every n < m^ - i{p), 
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• nor[i*] > a — I ■ Ei for every n > mi — i{p), and 

• {ill Qi+ii^h a — I ■ Ei) are like (p, g, v, a) in Claim [3^3. II 

Then clearly q — is as desired. □ 

Claim 3.3.3. Let a >2 and Ij C Q^(i<', E) be open dense for j < lu. Suppose 
that p € Qi^(-R', S) and {ig : £ < lo) is an increasing sequence in uj such that 
nor[iP] > a + 2^ + 1 for every n > rrii^ — for every £. Then there exists 
q e QloiK, S) such that 

(a) p < q, wP — w'^, and t^ = for every n < — i{p); 

(b) nor[t^] > a + £ for every n > — i{p), for every £; 

(c) for every j < uj there are infinitely many £ < uj such that for every sequence 
w G Y\ H(n), if there exists r 6 Ij such that r > q, ^ v and nor[tJ^] > 

1 for every n, then gl^l £* Ij. 

Proof of the Claim. Fix a surjection tt : uj — *■ uj such that '''""'^[{j}] is infinite 
for every j. We apply Corollary 13.3.21 infinitelv many times in order to construct 
{pi : £ < uj) with po — p such that for every £, ii,a + £ + 1, is like 

(p, q, i, a, I) there. Then we let q be the natural fusion determined by the pi. □ 

Claim 3.3.4. Suppose that Ij,j < uj,p,q and {ii : £ < uj) are like in Claim [3. 3. 3[ 
Let 

= {qM : w e n H(n) ki<uj}nlj. 

n<mi 

Then /j"^' is predense above q. 

Proof of the Claim. Suppose r* e Ql^{K,I]) is stronger than q. Pick a condition 
ro = {w''\to° ,tl\t2" , ■ ■■) >r* such that tq G Ij. Bv WX^ c) we may find £ such 
that 

(*) nor[t^'] > 1 for every n > mi,, — i{ro), and 
(**) for every sequence v G Yi H(n), if there exists r G Ij such that r > q, 

= V and nor[V^] > 1 for every n, then q^""^ e* Ij. 

Choose V e pos(u>''c, ip", . . . , _i(ro)_i)- Then rj,"' > ro so Tq"' e /j (remember Ij 

is open) and r|)"' > q. Therefore, by we see that gl^l g* Ij. Clearly rj,"' > gl"!. 
Hence we may find u £ posfw.i'^'' ■, .) (for some k > ip) such 

that ql"! e /j. Then gl"! £ /j*' and Tq"' is a common upper bound to gl"! and r*. □ 

As the sets if from Claim [231] are countable, it is now clear how to conclude 
the properness of Q^(i4r, E). □ 

4. A NONPROPER PRODUCT 

Here, we will give an example of two proper forcing notions Q|^(i\r^,E^) and 
Q^(^^^ Y?) such that their product '^lo{K, E) collapses c onto Hq. 
Throughout this section we write log instead of log2 . 

Definition 4.1. Let .t, z e R, a; > 0, i > 0, and k euj\ {0}. We let 

log(log(log(a;)) ~i) 

fk{x,l) = ^ ; 
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in the case that aU three logarithms are well defined and attain a value > 1. In all 
other cases we define fk{x,i) — 1. 

Lemma 4.2. [1) fk{'§,i) > fk{x,i) - 

(2) letting J = i£l(i£^£))±i, f,ix,i) > 2 then Mx,j) = Mx,i) ~ \; 

(3) letting j as in (2), if mm{fkix,i), fk{y, j)} > 1 then fk{y,i) > fk{x,i)-j; 

(4) if X > 22*+' and z such that log(log(z)) = '°s('°s(^))+' ^ then fk{z,i) = 
fk{x,i) - i. 

Proof. (1) Note that for x > 2 we have 

(*) log(x — 1) > log(a;) — 1. 

Indeed, x > 2 implies x — 1 > ^. Applying log to both sides we get log(x — 1) > 
log(f ) = log(a;) - 1. 

If a; < 2^ , then log(log(log(a;)) — i) < 1 (if at all defined), and fk{x, i) ~ 1 = 
fk{^,i)- So assume x > 2^^^'. Then log(a;) > 2^+' > 2 and log(log(a;)) ~ i > 2, 
and hence we may apply (*) with log(a;) and log(log(a;)) — i and obtain 

log ( log(log(f )) -i) = log ( log(log(x) - 1) ~ i) > log ( log(log(a;)) - I - i) 
> log(log(log(a::)) - i) ~ 1. 

By dividing both sides by k we arrive at (1). 

(2) Note that fk{x, i) > 2 impfies log(log(a;)) — i > 4 and hence log(log(x)) — j = 
iog(iog(.))-z > 2. Consequently 

r f ■^ _ log(log(log(a;))-3) _ log((log(log(rc))-i)/2) 
Jk\X,J) — k ~ k 

log (log(log(a;))-i)-l j. / -x 1 

= ^ k — ^ fk{x,i)- k- 

(3) By assumption we have log(log(y)) — j > 0. By pluging in the definition of j 
and adding j — i to both sides we obtain log(log(?;)) — i > i(log(log(a;)) — i) and 
hence log ( log(log(y)) ~i) > log ( log(log(x)) — i) ~1. After dividing by k we reach 
at (3). 

(4) Note that 

fk{z, i) = l log ( log(log(z)) -t)=i log ((log(log(a;)) - t)/2) 
= i[log(log(log(a;)) -i) - 1] = fkix,z) - i. 

□ 

We are going to modify the example in CoroUarv 12.81 and Example 12.41 
Let m = (rrii : i < lu) he an increasing sequence of integers such that mo — and 
m^+i ~ rrii > 4*^"^. For j < oj let H(j') = i + 3, where i is such that rui < j < mi+i, 
and let g{x) — x. The local good creating pair {Kf,Y:f) introduced inlMlwiU be 
denoted by {K^,T}). By[M]we know that ((if^)™, (S^)™) (see[2ll) is sufficiently 
bad and hence (bv l2.8|) the forcing Q*^{K^ ,Y}) collapses c into Hq. 
Recall that for a creature t S we have 

• dis[i] = {i\A^) for some < and 7^ A* C H(i*), 

• nor[i] = I A* I and pos(t) = A*. 
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Let In = |H(n)| and 

kn - Lv/max{fc e \ {0} : A.(/„, 0) > 1}J if /„ > 16, 
and kn = 1 if /n < 16. Certainly we have lim In — oo and therefore hm kn — oo 

n — >oo n — *oo 

as well. Note also that lim fk„{ln,0) = oo. 

Definition 4.3. Let K consist of all creatures t G CR[H] such that 

• dis[i] ~ {m*- ,A*- for some m* < uj and / A* C H(r7i*), and e w, 
< < log(log(Z™t)), 

• nor[t] = /fc^j z*), TO^jj = m*, rnj^p = m' + 1 and pos(t) = A*. 
For t e K we let 

= {s G : = m* & A" C A* & > i*}. 

Lemma 4.4. (A', S) is a /oca/ forgetful good creating pair for H. The forcing notion 
Q^(Ar, S) collapses c to Kq. 

Proof. It is straightforward to check that (if™, S™) inherits the sufficient badness 
of ((ifi)™, (El)™) (remember □ 

We are now going to define the desired factoring {K, E) ~ P*^ x into proper 
factors P" , pi . For this we recursively define an increasing sequence n = {ui : i < u) 
so that no — and n^+i is large enough such that 

fcn.^, > n 

We put — [J [n2i,n2i+i) and = [J [n2i+i,n2i) and we let 7r° : u — > U° 
and vr^ : uj — > be the increasing enumerations. 

Definition 4.5. Let G {0, 1}. We define = H o tt^ and we introduce K^, Yl 
as follows. 

(1) consist of all creatures t G CR[H^] such that 

• dis[t] = {m*,A*,i*) for some < uj and ^ A* C H'^(rn*), and 
I* G w, < «* < log(log(/„)), where n = 7r^(m*), 

• m^jj = m*, mjjp — + 1, pos(t) = A* and nor[i] — /fe^(|yl*|,i*) 
(where again n = n^{m*)). 

(2) For teK^we let 

E^(t) = {.s G K'^ : ^ k A' C A' k i' > i*}. 

Lemma 4.6. (1) For £ G {0, 1}, {K^, E^) is a local forgetful good creating pair 
forU. 

(2) Let m — (m^ : i < uj) and £ = {si : i < uj) be such that Tr^(mi) — n2i and 
£i — l/fc„2. . Then (K^^T,^) has the (e^rh) -halving property. 

(3) Let fh — {rui : i < uj) and e — {si : i < uj) be such that Tr^(mi) — n2i+i and 
£i = l/fcn2i+i- Then {K^,T}^) has the (e,m) -halving property. 

Proof. (1) Should be clear. 

(2) Let t G if", nor[t] > 2, dis[i] = {m,A,i*). Let n = 7r"(m) G [n2^,n2^+l) (so 
rrii < m — rn}^^. Define j — i°g(i°g(M-l))+» j^j^j ^ such that log(log(z)) = j. 
Certainly i* < j < log(log(|.4|)) < log(log(/„)). Let t* G K° be such that dis[i*] = 
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{m,A,j). Clearly t* G We are going to argue that t* is an £i~half of t in 

By Lemma ll^lS), nor[t*] = nor[t] - > nor[t] - Si. Now let s G E°(r) 
be such that nor[s] > 1. Let dis[s] — {m,A',i'), thus A' C A and i' > j. Pick 
io e K" such that dis[<o] = {m, A', i*). Then to e i;°(t) and pos(io) = A' = pos(s). 
Also, nor[s] > 1 implies log(log(|yl'|)) > i' > j. By the definition of z we conclude 
l^'l > z. Applying this together with Lemma [1?^ 4) we obtain 

nor[to] = fkAlA'li*) > fkS^.i*) = /fc„(|A|,r) - > nor^ 

(3) Like (2) above. □ 

Corollary 4.7. (1) The forcing notions Q^{K^ j'E^) (for £ = 0,1) are proper. 
(2) Let Q = {p e Qi^(ii', S) : i(p) = rii, i < to}. Then Q is a dense suborder 
of Q^(Jsr, E) and it is isomorphic with a dense suborder of the product 
Qi^(iir'', X Q^(K^,Ti^). Consequently, the latter forcing collapses c to 
Ho. 

Proof. (1) Let to, e be as in I4.6r 2). By the choice of n we have 

Yl HO(n)| ^lYlmj) : J e U[n2,,n2,+i)}| < [] H(^) < fc„,, - 1/e,. 

n<mi e<i j<n2i-i 

Consequently, Theorem [33] and Lemma IOTl.2) imply that Ql^iK", E") IS proper. 
Similarly for Q*^{K\J:^) 

(2) Should be clear. □ 
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